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Effect of ambient pressure on penetration of a diesel spray
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Abstract

In the present experimental and theoretical work the propagation of a high-speed fuel spray at distances much longer
than the breakup length is studied. The motion of the spray is modeled in two regions: the main region of the steady flow
and the front region of the spray. The analysis yields the equation of propagation of the tip of the spray. These theoretical
results have been validated against experimental data obtained from a common-rail diesel injection nozzle and from other
data available in the literature. The importance of the shock wave propagation at the initial stage of the spray injection is
demonstrated.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Experimental investigation and modeling of fuel spray are extremely challenging problems. The spray, espe-
cially in the neighborhood of the nozzle, is very dense, making the use of conventional optical measurement
techniques (such as the phase Doppler technique or PIV) very difficult. This is the reason why spray penetra-
tion and cone-angle, which can both be obtained using photographic techniques, are among the most fre-
quently reported parameters in fuel-spray research. Such a technique has been used in one of the first
experimental studies (Miller and Beardsley, 1926) on the effect of the ambient pressure (or in fact the density
of the ambient gas) on the penetration length of an engine spray.

There are several models, semi-empirical or numerical, of spray penetration. In these studies (Wan and
Peters, 1999; Sazhin et al., 2001; Naber and Siebers, 1996) the penetration of a spray was calculated by solving
the cross-sectionally averaged equations of the flow, describing the mass and the momentum balance in the
spray. The conditions at the front edge of the spray have not yet been considered for dense sprays.

Experimental observations of spray penetration under high-ambient pressure conditions show that near the
spray tip vortex-ring-like structures are frequently developed. Such structures have been observed in most of
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the experimental studies of fuel spray injection, e.g. Cao et al. (2000), di Stasio et al. (2000) and Stegemann
et al. (2002).

Similar mushroom-like shapes have been observed in galaxy ‘‘worms’’ of the length of the order of
1000 light years (English et al., 1999), in streams generated during volcano eruptions, and in experiments asso-
ciated with penetration mechanics, where metal rods or shaped-charge jets move with the velocity of order of
103 m/s. Hydrodynamic models of the type considered in Birkhof et al. (1948), Sagomonyan (1974) and
Roisman et al. (2001) take into account the erosion of the projectiles and deformation of the shaped-charge
jets near the front edge and allow one to successfully predict their penetration.

An attempt to understand and to describe the conditions at the tip region of the spray was made by Sjöberg
(2001). The main assumption of his model is that the drops are collected in a region near the spray tip. In this
spray penetration model the shape of the near-tip region is approximated by a ball of growing radius.

The main subject of the present paper is the experimental investigation and the modeling of a Diesel spray.
Our study is focused on the modeling of the ambient pressure influence on the temporal evolution of the spray
length.

Any theoretical model can be assumed reliable if it is confirmed by an experimental evidence and (what is
not less important) if it has no internal contradictions. The aim of the present model is to identify and to incor-
porate the ‘‘main players’’ in terms of forces governing the phenomena. It is well-known that the spray pen-
etration depends, among other parameters, on the geometry of the nozzle and on the details of the internal
flow. These factors have never been incorporated into breakup or penetration models. Therefore, any spray
penetration model (including the proposed one) should have at least one adjustable parameter accounting
for the nozzle geometry. In our model this parameter is the breakup length R0, which will be defined more
precisely below. This quantity is determined by fitting of the predictions to experimental data. The main dif-
ference between our model and the previous models is that two important features typical for high-speed,
dense Diesel sprays injected into a high-pressure chamber are accounted for. The first feature is the specific
kinematic and dynamic conditions at the front edge of the spray where the volume fraction of the liquid jumps
dramatically over a very short length. The second feature is that at high-injection pressures the injection veloc-
ity can be comparable with the sound speed in the air; hence compressibility effects have to be accounted for.
These two features lie in the focus of the proposed study.

Our hydrodynamic model describing the penetration of a dense fuel takes into account the inertia of the
ambient gas and the jump conditions near the leading edge of the propagating spray. It is assumed that the
evaporation of droplets in the spray does not influence the total momentum of the penetrating spray, and
its effect is not considered in the present study. This assumption is supported by the results of Wan and Peters
(1999) and by the numerical study of spray propagation by Iyer et al. (2001).

2. Theoretical model of far-field spray penetration

In the present model it is assumed that the front of the penetrating spray is so far from the nozzle that the
details of the flow near the nozzle, determined by its geometry, do not influence the penetration process. In this
chapter a simplified model for the spray velocity and volume fraction distribution is developed accounting for
the inertia of the spray and entrained air. Next, the jump conditions at the tip of the spray are considered
yielding the equations of motion of the spray.

Consider the spray propagating in the ambient air. In the present model the spray is subdivided into two
main regions (see Fig. 1). The region is far from the front edge of the spray. The flow here is assumed to be
steady; the pressure gradient is negligibly small. At the leading edge of the spray the droplets collect in the
front region . The details of the jet breakup near the nozzle (r < R0) are not discussed in the present model.
The model for spray penetration is valid for the distances much larger than R0.

The concentration of drops in the dense Diesel spray is very high. Therefore, it is doubtful whether a
description of the motion of a single drop in air can be helpful or applicable to the prediction of the spray
propagation. The mass fraction of the liquid phase in such sprays significantly exceeds the mass fraction of
the air. The momentum of the gas fraction is therefore negligibly small compared to the momentum of the
liquid fraction. Therefore, we can expect that the velocity of the gas approaches the average drop velocity very
quickly. Hence the velocity of the surrounding gas can be approximated by the local average velocity of the



Fig. 1. Sketch of the propagating spray. corresponds to the region of the steady radial expansion, is the spray compressed in the
front region.
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drops in the spray. This assumption is supported by the results of the study of Liu et al. (1993), showing that
the spray penetration predicted by the model is virtually not influenced by the drag model. Actually, the pres-
ent asymptotic model corresponds to the limiting case of the drag coefficient approaching infinity, thus equat-
ing the velocities of the liquid and gaseous phases in the spray. The existence of a large zone in the spray far
from the nozzle where the induced gas velocity is comparable with the droplet velocity was also mentioned in
Ghosh and Hunt (1994). In the following analysis we neglect velocity differences of the gas and liquid phases in
a zone near the nozzle, assuming this zone to be much shorter than the penetration length.

2.1. Steady flow in the region of the steady radial expansion

Consider the steady-state flow of the spray in the region far behind the front of the spray (the injection is
assumed to be steady). Consider a spherical coordinate system with the origin at the nozzle region. We assume
that at the distances much larger than the nozzle diameter the spray propagates radially with the velocity u(r),
where r is the radial coordinate defined in Fig. 1. This strong assumption is confirmed by wide variety of exper-
imental studies of the spray propagation showing an almost conical shape of the spray with the constant half-
angle in the steady region .

It should be emphasized that we do not describe the details of the flow in the region . In the present
quasi-one-dimensional model a kinematically admissible flow is assumed which satisfies the mass and momen-
tum balance in the spray. This flow is used to estimate the conditions at the front edge of the spray and to
obtain equations of its motion.

Such kind of approximations of the flow in the region are rather conventional. See for example the inte-
gral model for spray propagation by Cossali (2001); the theoretical model of Desantes et al. (2006) assuming
the Gaussian velocity profile in the spray; or the theoretical model of Pozorski et al. (2002) accounting for the
gas turbulence. The main interest of the present study is the study of the influence of the edge of the spray.
Therefore, for the description of the flow in the region we have chosen the simplest possible but still reliable
quasi-one-dimensional model described below.

The total mass conservation of the liquid phase and the momentum balance of the mixture in the radial
direction lead to:
o

or
½r2cðrÞuðrÞ� ¼ 0; ð1aÞ

o

or
½qr2cðrÞuðrÞ2 þ qar2ð1� cðrÞÞuðrÞ2� ¼ 0; ð1bÞ
where c is the volume fraction of the liquid phase, u(r) is the radial velocity of the mixture, q and qa are the
densities of the liquid and air. Here the momentum of the air flow in the azimuthal direction is assumed to be
negligibly small and the pressure is thus assumed to be constant. The effect of the drops evaporation is also
neglected in the present model.
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The solution of the above equations is
c ¼ C1

2r2
AðrÞ; u ¼ C1C2Dq

AðrÞ ; AðrÞ ¼ C1Dqþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2

1Dq2 þ 4r2qa

q
; ð2a; b; cÞ
where Dq = q � qa, and the integration constants C1 and C2 are given by
C1 ¼
c0R0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c0Dqþ qa

p ; C2 ¼ 2U 0 1þ qa

c0Dq

� �
: ð3a; bÞ
The radius R0 corresponds to the radial coordinate of the breakup of the injected jet. At this position the drop
velocity is U0 and c = c0. This radius depends on the geometry of the nozzle, on the density of the gas and of
the fuel, and on the deformation of the jet.

Consider now the cross-section of our conical spray region by a sphere of the radius r centered at the cone
top. The cross-sectional area S is
S ¼ 2pr2ð1� cos aÞ; ð4Þ

where a is the half-angle of the cone. The total volumetric flow rate of the spray liquid phase through the
cross-section of radius r is Q = Suc. At the breakup radius this flow rate is expressed using (4) as
Q ¼ 2pR2

0ð1� cos aÞU 0c0. On the other hand, in the assumed steady state this flow rate is equal to the flow
rate of the liquid injected through the nozzle, Q ¼ pD2

NozzleU i=4. Next, noting the high Weber number of
the drops as discussed in the previous section, the energy lost due to the creation of the droplets’ surface is
small in comparison with the kinetic energy and the initial droplet velocity can be well approximated by
the injection velocity: Ui = U0. With the help of Eqs. (2)–(4) the volume balance of the spray yields the follow-
ing expression for the breakup radius R0:
R0 ¼
DNozzleffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8c0ð1� cos aÞ
p : ð5Þ
2.2. Near-nozzle boundary conditions

Although the breakup of the injected jet in this region is very difficult to investigate experimentally, it is
generally accepted that liquid filaments are successively removed from a central liquid core in the downstream
direction. This suggests that the atomization of the jet can be described using the ‘‘chaotic disintegration’’
approach of Yarin (1993). The volume fraction of the liquid phase reduces with the inverse of the distance
squared from the nozzle, c � r�2, whereas the volume fraction 1 � c of the voids increases. Consequently, their
size and the number density grow and they begin to merge, leading to fragmentation of the jet. The jet in this
intermediate region can be described as a liquid infinite cluster occupying the relative volume c. In terms of the
percolation theory of Staufer (1985), the probability that an elementary particle occupies a liquid site is c,
whereas the probability that it belongs to a lacunae (void) is 1 � c. At some critical probability, the percolation
threshold (Roisman et al., 2001; Yarin, 1993; Staufer, 1985; Staufer, 1979), corresponding to c* = 0.311 in the
three-dimensional case, the ‘‘infinite’’ cluster is broken and the distribution of finite clusters (droplets of var-
ious diameters) appears. Therefore, the volume fraction c0 = c* corresponds to the complete disintegration of
the jet and is the maximum possible volume fraction of a liquid phase of a spray consisting of separate
droplets.

2.3. Jump conditions at the front edge of the spray

The above analysis is not valid at the front of the spray where the volume fraction of the liquid phase jumps
from c to 0. The resistance of the air leads to a compression of the spray in the front region and leads to the
appearance of the vortex-ring-like structures of the spray. The velocity of drops in the relatively thin layer near
the front end of the propagating spray is significantly lower than those in the steady region . This fact has
been confirmed by the measurements of Diesel sprays using the phase Doppler instrument (Araneo and
Tropea, 2000).
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Here we consider times much longer than the characteristic time of the shock wave, DNozzle/c, and a spray-
tip velocity much smaller then the speed of sound in gas c. Under these conditions the ambient gas can be
modeled as incompressible. The gas stagnation pressure at the tip of the spray can be estimated using the Ber-
noulli equation as pa þ qaU 2

T=2. The pressure in the region of the spray behind the front region is pa because
the inertia of the gas flow in the azimuthal direction is negligibly small. The momentum equation at the front
edge of the spray expresses the balance of the inertia of the liquid and the gas phases of the spray entering the
front region with the relative velocity u � UT and the pressure of the gas at the front region just outside the
spray:
½qcþ qað1� cÞ�ðu� U TÞ2 ¼
qaU 2

T

2
: ð6Þ
The inertia of the flow in the azimuthal direction is assumed to be small in comparison with the inertia in the
axial direction and is therefore neglected.

The solution of Eq. (6) for UT < u is:
U T ¼ u 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

qa

2ðqa þ DqcÞ

r� ��1

: ð7Þ
Now the ordinary differential equation for the temporal propagation of the spray tip can be written in the
form
dRT

dt
¼ U T: ð8Þ
Here RT is the penetration length.

2.4. Solution for the penetration length

The solution of Eq. (8) can be written in dimensionless form, taking R0 as a length scale and Ui as a velocity
scale. Denoting
1 ¼ qaðDqc0 þ qaÞ
Dq2c2

0

; g ¼ 2þ 2qa

Dqc0

ð9Þ
yields
c ¼ c0

g�r2
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4�r21

ph i
; �u ¼ g

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4�r21

p ; ð10a; bÞ

�U T ¼
�u

1þ 2þ 4c
ðg�2Þc0

h i�1=2
: ð10cÞ
Here and below the overbared variables are dimensionless.
The solution of Eq. (8) for the penetration length after breakup can be written in the following form:
�t ��t0 ¼
Z RT

R0

1

�uð�rÞ 1þ 2þ 4c
ðg� 2Þc0

� ��1=2
" #

d�r; ð11Þ
where �t0 is the time shift associated with the initial jet penetration and breakup.
At relatively long distances (11=2�r� 1Þ the approximate solution for the penetration length can be written

in the form:
RT � aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�

ffiffiffi
2
pq

1�1=4g1=2ð�t þ sÞ1=2
; ð12Þ
where a and s are some dimensionless constants. The above well-known square root dependence of the pen-
etration length with time at long distances was reported in several experimental studies, for example Arai et al.
(1984) and Senduka (1998), see also the review Dent (1971) of the models for spray penetration.
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3. Experimental set-up and procedure

A common-rail diesel injector with the nozzle of inner diameter DNozzle = 0.190 mm has been used to study
the fuel spray penetration at various injection pressures (pi = 300, 500, 700, 1000 and 1350 bar). The fuel was
injected into a pressure chamber, allowing one to vary the air ambient pressure. Spray penetration data were
collected for the ambient pressures pa = 1 (atmospheric pressure), 3, 5, 7, 10, 16 and 25 bar. The density of the
liquid is 817 kg/m3. The experimental set-up is shown schematically in Fig. 2. A detailed description of the
experimental setup and the results can be found in Kuß (2000) and Araneo and Tropea (2000).

The nozzle diameter is relatively large in comparison with the modern atomizers used to inject Diesel fuel. It
is known that the inner diameter of the nozzle and its geometry influence the properties of the injected spray.
A larger nozzle diameter increases the linear part of the spray, maintaining it long enough to be easily mea-
sured at high ambient pressures. However, the modeling principles are the same for all dense sprays. The
experiments performed with this nozzle do not represent the latest injection technology but they are very use-
ful to validate the proposed theoretical model.

The injected spray is visualized using a CCD camera (PCO Sensicam, 1280 · 1024 pixels) operated with an
exposure time of 2 ls and a synchronized stroboscope placed at an off-axis angle of 60�. In Fig. 3 the shape of
the spray at various time instants is shown for two different ambient pressures: pa = 1 bar and pa = 25 bar – all
other parameters of injection are the same. The photos are inverse images. Therefore the illuminated parts are
shown as dark regions. Such images are used to estimate the penetration length of the spray. The time intervals
between the exposures have been varied in the range from 0.1 ms to 0.5 ms, depending on the stage of spray
penetration and on the penetration velocity.

The pressure chamber is equipped with circular quartz windows allowing a view of nearly 110 mm. The
maximum spray length visible at any configuration is limited to approximately 105 mm. With a view of the
complete spray from the injector to the spray tip, this is sufficient at 10, 16 and 25 bar to observe the complete
injection. The resolution in this case was set at 10 pixels per millimeter.
Rail

Common-Rail-
System
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Pressurized
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Fig. 2. Scheme of the experimental set-up. The electronic parts are: 1 – signal generator, 2 – signal delayer, 3 – signal generator for the
injector, 4 – injector controller, 5 – injection pressure detector.



Fig. 3. Shape of the spray at different instants after injection. The ambient pressure is pa = 1 bar (images on the left) and pa = 25 bar
(images on the right). The time instants are: (a, e) 0.4 ms; (b, f) 0.6 ms; (c, g) 2.0 ms; (d, h) 3.0 ms.
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At intermediate pressure (3, 5 and 7 bar) the penetration length in many cases exceeded the limit of 105 mm.
A spacer ring of 40 mm was used to displace the injector upwards. In this configuration the injector is no
longer visible. Only the distances from 40 to 140 mm could be observed with the same resolution of 10 pixels
per millimeter.

At 1 bar even the 40 mm spacer was too short since the penetration length is much longer than 140 mm. In
this case a set-up in open air was used, with a much larger field of view of up to 200 mm, with a corresponding
resolution of 6 pixels/mm. By moving the camera to two different positions it was then possible to measure the
spray tip position up to 350 mm from the injector. The illumination was directed only towards the spray tip to
preserve the image quality of the investigated region.

A much higher resolution (55 pixels per millimeter, with a consequently smaller field of view of few
millimeters) was used to visualize correctly the small jet protruding from the spray at the very initial injection
stage.

The acquisition of images is not cycle resolved, which means that each image issues from a different injec-
tion. To reduce cycle-to-cycle variations, ten images were acquired at each time step. The internal part of the
pressure chamber was black painted, to increase the image contrast and enhance the visibility of the spray.

The digital images have been automatically processed using the software Optimas; the spray tip position
has been detected by standard digital image analysis routines (back-ground subtraction, object detection).

It is well known that the experimental description of the shape of dispersed medium like a spray using pho-
tographic techniques suffers from the inability to detect regions of low concentration of the liquid phase. In
fact, the measured values of the spray length can be illumination dependent. The error in such measurements
depends on the size of the regions at the spray periphery where the gradient of the concentration is significant.
In Fig. 3 it can be clearly seen that the illumination of the spray is not uniform. This is explained by the con-
figuration of the photographic system. However the contours of the spray are almost symmetric. This result
indicates that at the edges of the spray the concentration jumps in a relatively thin layer and that the measure-
ments are only slightly influenced by the illumination.

The uncertainty in the length measurements is approximately 2 pixels, corresponding approximately to
el = 0.2 mm the most used resolution of 10 pixel/mm. The approximate error of the difference in measurements
of the spray lengths at consecutive time steps is of the same order. Therefore, the maximum error is estimating
the spray tip velocity is el/et = 0.42 m/s. The typical measured penetration velocities are much higher than
50 m/s. The relative error is thus approximately 1%.
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Most of the experimental results presented in the present paper are obtained with this experimental setup.
Some additional experimental data found in the literature have also been used to validate the theoretical
model.
4. Results and discussion

It can be seen that the appearance of the vortex-ring-like structures is more pronounced for the case of
higher ambient pressures (see Fig. 3(g) and (h)), indicating that the air density at the front edge determines
the shape of the cloud of the particles and its penetration.

Note that in the present paper the penetration length is denoted by RT. This notation is the most conve-
nient, since the theoretical model describes the spray in spherical coordinates.

A typical temporal propagation of the tip of a fuel spray is shown in Fig. 4. Two main stages of penetration
can be immediately recognized (Arai et al., 1984). During the first stage the spray tip propagates nearly line-
arly in time, RT � t. The first stage is followed by the second stage in which the length of spray can be approx-
imated by a square root temporal dependence, RT � t1/2. The time instant corresponding to the switch
between these two regimes reduces with increasing ambient pressure (gas density). The length of the spray
at this time instant is usually associated with the breakup length of the injected jet.
4.1. Spray penetration at the early stage of injection

In Fig. 5 the tip velocity UT is shown as a function of time t after injection. The value of this velocity is
obtained by numerical differentiation of the spray length RT(t) in time. This velocity is not exactly constant,
even during the first stage of the spray propagation. At ambient pressures less than 10 bar this velocity initially
grows, reaches some maximum value, UTmax, and then reduces (see Fig. 5(a)).

At pressures higher than or equal to 10 bar the tip velocity reduces immediately after injection (or the char-
acteristic time of the velocity growth is much smaller than the time step used in the experiments and thus this
growth is not detected). A similar behavior is observed at other injection pressures, as shown in Fig. 5(b). The
dependence of the maximum spray tip velocity on the ambient pressure is shown in Fig. 6 for different injec-
tion pressures. This maximum velocity decreases with increasing ambient pressure (increasing gas density).

The mean injection velocity is usually given in the form
F

U i ¼ Cd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

pi � pa

q

r
; ð13Þ
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ig. 4. Spray penetration, RT, as a function of time at various ambient pressures pa. The injection pressure is pi = 1350 bar.
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where pi and pa are the injection and ambient pressures, q is the density of the liquid fuel and Cd is a discharge
coefficient associated with the pressure loss in the nozzle. For example, the lossless injection velocity (Cd = 1)
for the conditions of Fig. 5(a) is 568 m/s. We have experimentally determined a mean injection velocity of
442 m/s for an injection pressure of 1350 bar. The mean injection velocity was determined using the measured
data for the average volumetric flow rate through the nozzle. This value leads to a discharge coefficient of 0.78
for these operating conditions.

The data shown in Fig. 5(a) demonstrate that the mean injection velocity may significantly exceed the spray
tip velocity, even in the initial stages of injection. Moreover, the mean injection velocity depends very little on
the injection duration for the particular injector; hence the velocity is also constant over the injection duration.
We conclude that the increase of spray tip velocity evident in Fig. 5(b) can be attributed to the non-stationary
conditions of the ambient gas during the initial stage of injection. Moreover, the velocity growth at the times
less than 0.1–0.4 ms after injection can also be explained by the pressure increase at the opening due to needle
dynamics.
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Fig. 6. Experimental data for the maximum spray-tip velocity as a function of the ambient pressure for various injection pressures. The
solid lines correspond to the theoretical predictions (16).
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The difference between the mean injection velocity and the spray tip velocity is accounted for by the jet
deformation, atomization and by the jump conditions at the spray edge, the feature to be analytically
described in the present paper.

An experimental demonstration of the complicated structure of the spray in its early stages is shown in
Fig. 7. The main spray cloud in this picture follows the jet. The diameter of this jet is of order of 0.1 mm, half
of the inner diameter of the nozzle. The length of this jet is approximately 1.4 times longer than the penetra-
tion length of the main spray cloud. The velocity of this jet thus approaches the value of the injection velocity.
Note, that pictures including both the spray cloud and the jet are rather exceptional. Most of the images of the
spray are similar to those shown in Fig. 3. In any case, the spray-tip velocity, even in the early ‘‘linear’’ stage, is
neither equal to the injection velocity nor to the velocity of the jet tip. Note also that the drop diameter in the
considered spray is of order of 5–20 lm and that the Weber number for an injection velocity Ui = 100 m/s is
We ¼ qDU 2

i =r > 1500. Therefore the energy required for the creation of a droplet surface is negligibly small in
comparison with the kinetic energy of the jet. This means that the drop velocity near the jet surface is approx-
imately equal to the injection velocity Ui.



Fig. 7. Image of spray and liquid jet in the early stage of penetration: pi = 1350 bar, pa = 1 bar, t = 0.3 ms.
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The main conclusions from the above description of the very initial stage of spray penetration are as fol-
lows. The first feature is that the spray tip velocity UT is smaller than the injection velocity. The second feature
of this stage is the increase of the spray tip velocity UT, in spite of the fact that the mean injection velocity Ui is
almost constant during injection. This fact clearly indicates that this velocity cannot be a material velocity,
neither of the jet nor of the droplets.

It is shown in Fig. 4 that at some time instant, say tB, the ‘‘linear’’ stage of spray penetration switches to the
‘‘square-root’’ stage. The velocity of the tip of the spray changes at this time instant drastically. This is
the reason why the penetration length at this instant, lB, is usually associated with the breakup length of
the injected jet. In the experimental study of Arai et al. (1984), the average breakup length during injection
was measured using the electric resistance method. It was shown that this measured length did not correspond
well to the inferred breakup length lB, hence it may still be useful to retain the concept of breakup length, inde-
pendent of the measured length lB.

4.2. Shock wave in the air just after injection

Consider the very initial stage of the injection. The accurate description of the initial stage of spray injection
is necessary to reliably predict spray propagation at the later stages: see for example the analysis of Sazhin
et al. (2003).

In our case of high-speed Diesel injection the velocity of the spray is comparable with the speed of sound c

in air, but is negligibly small in comparison with the speed of sound in the liquid. Therefore, the compressibil-
ity of air must be taken into account, whereas the injected liquid fuel can be assumed to be incompressible. For
sufficiently high injection velocities a shock wave develops in the air just after the injection and propagates
towards the undisturbed air (see Fig. 8). Such shock waves were recently observed in the study of the fuel injec-
tion spray using X-ray technique (Degaspari, 2003). The shock wave divides the air region into an undisturbed
part (ahead the shock), with the pressure and density pa and qa, and a compressible part (behind the shock),
with the pressure and density pc and qc. Ui is the injection velocity of the fuel, UT0 is the initial tip velocity of
the spray (which is the velocity of the air behind the shock), US is the velocity of the shock wave.

Approximating the shock as a normal adiabatic compression wave, the mass, momentum and energy bal-
ance at the wave yield (Loitsyanskii, 1966):
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Fig. 8. Sketch of the propagating spray: the initial stage of the injection, t < DNozzle/c.
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qaU S ¼ qcðUS � UT 0Þ; pa þ qaU 2
S ¼ pc þ qcðU S � U T 0Þ2; ð14a; bÞ

j
j� 1

pa

qa

þ U 2
S

2
¼ j

j� 1

pc

qc

þ ðUS � UT 0Þ2

2
; ð14cÞ
where j is the ratio of the specific heats of the gas at constant pressure and constant volume, and the index 0 is
used to denote the initial stage. The solution of Eq. (14) for the pressure in the compressed region is
pcðU T 0Þ ¼ pa þ
1

4
ð1þ jÞqaU 2

T 0 þ
ffiffiffiffiffi
qa

p
U T 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16jpa þ ð1þ jÞ2qaU 2

T 0

q� �
: ð15Þ
The pressure pc given by Eq. (15) defines the conditions for the shock wave, but is dependent on the spray tip
velocity UT0.

It should be noted that expression (15), valid for the one-dimensional geometry, is precise only for very
short times, t < DNozzle/c. For larger times, comparable or exceeding DNozzle/c, the pressure pc will be slightly
influenced by the real geometry of the nozzle and the chamber. Therefore, expression (3) allows an estimation
of the order of magnitude of the pressure pc.

The aim of the following analysis is to predict UT0 from known quantities of the injection as presented in
Section 2.

Already in the first images of the injected spray, when the length is approximately 5 mm, the diameter of the
spray is of the order 1 mm, much larger than the nozzle diameter DNozzle = 0.190 mm. Noting again that the
drop velocities are of order of the injection velocity Ui, the volume fraction of the liquid phase is approxi-
mately c = 0.04. The average injection velocity Ui is obtained from the data for the volumetric flow rate
through the nozzle. The pressure pc(UT0) at the spray tip during the initial stage of penetration is determined
from (15) once the initial spray tip velocity UT0 is known. This velocity can be estimated by modifying Eq. (6)
for the jump conditions at the initial stage
pa þ ½qcþ qað1� cÞ�ðU 0 � UT 0Þ2 ¼ pcðU T 0Þ: ð16Þ
The results of the numerical solution of Eqs. (15) and (16) for the initial tip velocity UT0 are shown in Fig. 6 in
comparison with the experimental data for the maximum spray-tip velocity. The results are rather good, indi-
cating that the spray during the initial stage indeed consists of droplets moving with a velocity U0 � Ui and
that the proposed jump conditions at the spray tip are appropriate. Now we can also understand why the tip
velocity is not constant just after the injection, even increasing under certain conditions. On the one hand,
the volume fraction of the liquid phase decreases as the spray propagates, since its cross-section
increases. The decrease of c leads to a decrease of the tip velocity. On the other hand, the initially compressed
gas behind the shock wave begins to expand as the jet cross-section increases – both pc and qc decrease. We
have conditions similar to an underexpanded jet issuing from a nozzle, which also exhibits initial velocity
increase.



0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0
0

20

40

60

80

100

120

140

R
T
, 

m
m

pa = 1 bar, pa = 3 bar

pa = 5 bar, pa = 7 bar

pa = 10 bar, pa = 16 bar

pa = 25 bar

t, ms
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0

0

20

40

60

80

100

120

140

R
T
, m

m

p
a

= 1 bar, p
a

= 3 bar

p
a

= 5 bar, p
a

= 7 bar

pa = 10 bar, pa = 16 bar

pa = 25 bar

t, ms

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0
0

20

40

60

80

100

120

140

R
T
, m

m

pa = 1 bar, pa = 3 bar

pa = 5 bar, pa = 7 bar

p
a

= 10 bar, p
a

= 16 bar

p
a

= 25 bar

t, ms
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0

0

20

40

60

80

100

120

140

R
T
, m

m

t, ms

pa = 1 bar, pa = 3 bar

pa = 5 bar, pa = 7 bar

pa = 10 bar, pa = 16 bar

pa = 25 bar

Fig. 9. Influence of the ambient pressure on the spray penetration. The injection pressures are: (a) pi = 300 bar, (b) pi = 700 bar,
(c) pi = 1000 bar, (d) pi = 1350 bar. The continuous lines correspond to the proposed model.
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4.3. Validation of the model for the far-field spray penetration

At relatively large times after injection (t� DNozzle/c), the tip velocity is much smaller than the speed of
sound and the spray penetration can be described using Eq. (11). A comparison of the penetration length
RT predicted by the proposed model with the experimental data is shown in Fig. 9. The agreement is rather
good. Similar results are obtained comparing the model predictions with experimental data from the literature
(see Figs. 10–12). The experimental data for the spray penetration Naber et al. (1995) in Fig. 10 is taken from
the graphs in Wan and Peters (1999). In all of these comparisons, R0, the downstream distance at which the jet
breaks up, is a fitted parameter.

In Fig. 13, R0 is shown as a function of the injection velocity and the density of the ambient gas. Fig. 13(a)
shows that at low ambient pressure (1 bar), the radius R0 decreases significantly with the injection velocity Ui.
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Fig. 11. Spray penetration data in comparison with the proposed model. The data are from Kamimoto et al. (1987) and Hardalupas et al.
(1992).
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This result indicates that our experiments can be associated with the ‘‘spray region’’, following the classifica-
tion proposed in the study Arai et al. (1984).

At higher pressures the dependence of R0 on the injection velocity Ui is not so strong. This result is in agree-
ment with the conclusions of the study Arai et al. (1984) showing that at higher injection velocities the breakup
length approaches some constant value. The breakup length reaches these constant values at a smaller velocity
if the ambient pressure is higher. At these higher ambient pressures the parameter R0 depends on the gas den-
sity (see Fig. 13(b)) and follows the square-root law obtained in Arai et al. (1984) for the breakup length for
water:
lB ¼ CB

ffiffiffiffiffi
q
qa

r
D; ð17Þ
where D is the internal diameter of the nozzle. The coefficient CB on the right-hand side of Eq. (17) is estimated
in Arai et al. (1984) to be approximately CB = 15.8. Note, however, that the coefficient CB depends partially
on the geometry of the nozzle and can be different for various experimental set-ups, physical parameters of
liquids and construction of nozzles.
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Note that the relation (17) can serve as an indirect confirmation of our assumption that the magnitude of R0

can be used as a scale for the breakup length of the injected Diesel jet. A more reliable confirmation can be
performed only using direct measurements of the breakup length of a dense spray. This is not an easy exper-
imental task and it is beyond the scope of the present study.

The value of the half-cone angle a obtained using Eq. (5) is shown in Fig. 14 as a function of the density
ratio qa/q. It can be seen that this angle increases monotonically with increasing ambient pressure and almost
does not depend on the injection velocity. It is important to note that this angle is not exactly the half-cone
angle observed on the images of spray penetration, added in Fig. 5 as av. These images include two main
streams, the injected inner stream, whose velocity is higher than the spray tip velocity; and the outer stream
influenced by the head of the spray. This second stream, whose velocity is smaller than the spray tip velocity,
creates vortices near the spray-tip region. The observed spray cone angle av corresponds to the outer stream,
whereas the angle a corresponds to the inner impinging stream.

It is not easy to estimate the values of the spray angle directly from the images of the injected spray. These
values can be best evaluated analyzing the velocity profiles in the spray. Such measurements are possible using,
for example, the phase Doppler instrument (Araneo and Tropea, 2000). These measurements can be the topic
of an alternative study and are not considered in the present paper.

5. Conclusions

Penetration of a Diesel spray in a pressure chamber has been investigated experimentally and modeled the-
oretically. Penetration length and the cone angle of the spray have been measured at various injection pres-
sures and ambient pressures.

In the proposed model for the propagation of the spray front edge two main factors are considered, namely
inertia of liquid/air mixture in the steady conical region of the spray and the particular conditions near the
leading edge of the spray which lead to the high gradients of the spray concentration and to the formation
of the vortex-ring-like structures. These major factors determine spray penetration.

Two regions of the penetrating spray are considered in our theoretical model. One is the main region of the
spray. The flow in this region is governed by the inertia of the injected liquid spray and be the momentum of
the entrapped ambient air. The second considered region is the front edge of the spray. The flow of this region
is governed by the inertia of the droplets entering it from the first region, as well as by the aerodynamic drag
force. In the proposed model the jump conditions in this region are considered, yielding analytical expressions
for the spray tip velocity and for the penetration length.
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Next, accounting for the shock wave propagation in the ambient air, the model predicts the velocity of the
spray tip at the initial stage of penetration.

The model for the far-field spray penetration describes the temporal dependence of the penetration length.
The predictions agree well with experimental data. It was shown that the asymptotic behavior of the temporal
dependence of the penetration length follows the well-known square-root law found empirically.

One fitted parameter, the breakup length R0, is used in the model. The inverse square-root dependence of
the obtained values of R0 on the density of the ambient gas is similar to the experimental results.
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